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Abstract
We study ω-hypoelliptic differential operators of constant strength. We show that any opera-
tor with constant strength and coefficients in Eω(Ω) which is homogeneous ω-hypoelliptic is also
σ -hypoelliptic for any weight function σ = O(ω). We also present a sufficient condition in order
to ensure that a differential operator admits a parametrix and, as a consequence, we obtain some
conditions on the weights (ω,σ ) to conclude that, for any operator P(x,D) with constant strength,
the σ -hypoellipticity of the frozen operator P(x0,D) implies the ω-hypoellipticity of P(x,D). This
requires the use of pseudodifferential operators.
 2004 Elsevier Inc. All rights reserved.
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0. Introduction
A partial differential operator P :D′(ω)(Ω) →D′(ω)(Ω) is said to be (ω)-hypoelliptic if
sing(ω) suppPu = sing(ω) suppu for every u ∈ D′(ω)(Ω). The hypoellipticity of the oper-
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562 C. Fernández et al. / J. Math. Anal. Appl. 297 (2004) 561–576ator gives information about the regularity of the solutions of the equation Pf = g. We
are concerned with the case that P = P(x,D) is a partial differential operator with coeffi-
cients in a given non-quasianalytic class and with constant strength. In this case, P(x,D)
can be considered, in a certain sense, as a bounded perturbation of a differential operator
with constant coefficients.
The paper consists of three sections, the first being the preliminary definitions. We now
briefly describe the content of the second one. It is a well-known fact that, for differen-
tial operators with constant coefficients the hypoellipticity on a given non-quasianalytic
class is equivalent to the corresponding homogeneous hypoellipticity and it implies the
hypoellipticity on any larger non-quasianalytic class. However, this is no longer true for
differential operators with variable coefficients. In fact, several authors (Rodino [20],
Baouendi and Trèves [1], Okaji [17], Cattabriga et al. [5], Gramchev [8]) have given exam-
ples of differential operators whose coefficients are real-analytic functions and which are
homogeneous hypoelliptic but not hypoelliptic (in the classical sense) and also examples
of operators which are hypoelliptic on a Gevrey class but are not hypoelliptic in the C∞
sense.
We show that any operator with constant strength and coefficients in E(ω)(Ω) which
is (ω)-hypoelliptic is also (σ )-hypoelliptic for any weight function σ = O(ω) (2.7).
Using the fact that any non-quasianalytic class of Roumieu type is the intersection of
the classes of non-quasianalytic functions of Beurling type containing it, we deduce a
similar result for classes of Roumieu type, which applies, for instance, to the Gevrey
spaces.
M. Taylor [23] showed that for any differential operator P(x,D) with constant strength
on an open set Ω , the hypoellipticity of the operator implies that of the operator with
constant coefficients P(x0,D) obtained by freezing the coefficients at a point x0. We obtain
a version of Taylor’s theorem for non-quasianalytic classes large enough to contain every
Gevrey class. In particular our result applies to the classes defined by the weight functions
ω(t) = log(1 + t)s , s > 1.
In order to obtain the above mentioned results we have to consider a generalization of
a result due to Hörmander concerning local solvability in Bp,k-spaces, but replacing the
weights k considered by Hörmander by the more general considered by Björk [2].
In the third section we present a sufficient condition to ensure that a differential op-
erator admits a parametrix, that is, a left inverse modulo a regularizing operator, which
is a pseudodifferential operator. This is an extension of the condition given in [24] for
operators acting on Gevrey classes. As a consequence we obtain some conditions on the
weights (ω,σ ) in order to conclude that, for any operator P(x,D) with constant strength,
the σ -hypoellipticity of the frozen operator P(x0,D) implies the ω-hypoellipticity of
P(x,D). In case ω(t) = σ(t) = log(1 + t) this is a result obtained, independently, by
Hörmander [11] and Malgrange [15]. As a corollary of our Theorem 3.8 we recover some
results due to Iftimie [12] and Shafii-Mousavi and Zielezny [22] for operators acting on
Gevrey classes. Some partial results for operators acting on classes of Roumieu type (in
the sense of Komatsu) E{Mp}(RN), under some special conditions on the sequence {Mp},
can be found in [18]. We also include in this section an example of an ω-hypoelliptic oper-
ator which has not constant strength. It is obtained by modifying and combining previous
examples due to Kumano-go [13] and Liess-Rodino [14].
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First we introduce the spaces of functions and ultradistributions and most of the notation
that will be used in the sequel. All definitions are taken from [4].
Definition 1.1. Let ω : [0,∞[ → [0,∞[ be a continuous function which is increasing and
satisfies ω(0) = 0 and ω(1) > 0. ω is called a weight function if it satisfies the following
conditions:
(α) ω(2t)K(1 + ω(t)) for some K  1 and for all t .
(β) ∫∞1 (ω(t)/t2) dt < ∞.
(γ ) log(t) = o(ω(t)) as t tends to ∞.
(δ) ϕ : t → ω(et ) is convex.
If the weight ω satisfies the additional condition
(	) there exists C  1 such that for all y > 0,
∞∫
1
ω(ty)
t2
dt  Cω(y) + C,
we say that ω is a strong weight. Examples of weight functions with and without property
(	) can be found in [16].
For a weight function ω we define ω˜ : CN → [0,∞[ by ω˜(z) = ω(|z|) and again call
this function ω, by abuse of notation. The Young conjugate of ϕ is defined by ϕ∗(x) =
supy>0{xy − ϕ(y)}.
Definition 1.2. Let ω be a weight function and let Ω be an open set in RN . We define
E(ω)(Ω) :=
{
f ∈ C∞(Ω): ‖f ‖K,λ < ∞ for every K Ω and every λ > 0
}
and
E{ω}(Ω) :=
{
f ∈ C∞(Ω): for every K Ω, there exists λ > 0,
such that ‖f ‖K,λ < ∞
}
,
where
‖f ‖K,λ := sup
x∈K
sup
α∈Nn0
∣∣f (α)(x)∣∣exp(−λϕ∗( |α|
λ
))
.
E(ω)(Ω) is endowed with its natural Fréchet topology, while E{ω}(Ω) is a projective limit
of (LB) spaces.
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tions of Beurling (respectively, Roumieu) type. We write E∗(Ω), where ∗ can be either (ω)
or {ω}.We put
D∗(K) :=
{
f ∈ E∗(Ω): suppf ⊂ K
}
and
D∗(Ω) := indj→D∗(Kj ),
where (Kj )j∈N denotes a fundamental sequence of compact sets of Ω.
The elements of D′
(ω)
(Ω) (respectively, D′{ω}(Ω)) are called ω-ultradistributions of
Beurling (respectively, Roumieu) type.
For a given f ∈D′∗(Ω), we write sing∗ suppf for the complement of the largest open
set Ω ′ such that f ∈ E∗(Ω ′).
2. ω-hypoelliptic and homogeneous ω-hypoelliptic operators
According to Schwartz’s definition [21], a linear partial differential operator P =
P(x,D) with coefficients in C∞(Ω), Ω being an open set in RN , is called hypoellip-
tic in Ω if Pu ∈ C∞(Ω ′) implies u ∈ C∞(Ω ′) for every open set Ω ′ ⊂ Ω and for each
u ∈D′(Ω ′). That is,
sing suppPu = sing suppu
for every u ∈D′(Ω) [10, 13.4.4].
The hypoelliptic differential operators with constant coefficients were characterized by
Hörmander, who obtained several equivalent conditions. As an example we mention that
P(D) is hypoelliptic if, and only if, there are positive constants c and C such that∣∣P (α)(ξ)∣∣/∣∣P(ξ)∣∣ C|ξ |−|α|c
whenever ξ ∈ RN and |ξ | is large enough. Selecting the multi-index α with length |α| =
m = degreeP in such a way that P (α) is a constant different from 0 we deduce that, in case
P(D) is hypoelliptic then there are constants c,C > 0 such that |P(ξ)−1| C|ξ |−mc for
|ξ | large enough.
Definition 2.1. Let P be a differential operator with coefficients in E∗(Ω). Then P is said
to be ∗-hypoelliptic in Ω if
sing∗ suppPu = sing∗ suppu
for every u ∈D′∗(Ω). Here, ∗ = (ω) or ∗ = {ω}.
Definition 2.2. Let P be as in the previous definition. Then P is said to be homogeneous
∗-hypoelliptic in Ω if for every open set Ω ′ ⊂ Ω and for every u ∈D′∗(Ω ′) the condition
Pu = 0 implies u ∈ E∗(Ω ′).
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nitions has compact support.
We want to show that, when we restrict our attention to operators with constant strength,
the classes of operators described in Definitions 2.1 and 2.2 coincide. Consequently, any
(ω)-hypoelliptic operator with constant strength is also (σ )-hypoelliptic for every weight
function σ = O(ω). To achieve this objective we first need to extend a result of Hörmander
[10, 13.3.3] concerning the existence of a certain solution operator, which forces us to
consider versions of the Hörmander spaces Bp,k for classes of ultradifferentiable functions.
These more general Hörmander spaces were studied by Björk [2, 2.1], who considered
weights k which increase faster than the ones considered in [10].
Following Björk [2], we define the spaces Bp,k introduced by Hörmander in the case
that k ∈Kω. We refer to Fieker [7] for a version of the theory which includes the case of
non-sub-additive weights.
For a given weight function ω we defineKω as the set of all functions k : RN → [0,+∞[
such that,
k(ξ + η) eλω(|ξ |)k(η), η, ξ ∈ RN,
for some λ > 0.
Definition 2.3. Let ω be a weight function, k ∈ Kω and 1  p ∞. We denote by Bp,k
the completion of the normed space consisting of those u ∈ E ′(ω)(RN) such that
‖u‖p,k =
(
(2π)−N
∫
RN
∣∣k(ξ)uˆ(ξ)∣∣p dξ
)1/p
< ∞, (1)
where ‖u‖∞,k denotes ess supk(ξ)|uˆ(ξ)|.
If k, k1 and k2 belong to Kω and s ∈ R, then k1 + k2, k1 · k2, max(k1, k2), min(k1, k2)
and ks also belong to Kω. If P = 0 is a polynomial in C[z] then
P˜ ∈Kω,
where
P˜ (ξ) :=
[∑
α
∣∣DαP(ξ)∣∣2]1/2.
We say that the polynomial Q(ξ) is weaker than P(ξ) or, equivalently, that P(ξ) is
stronger than Q(ξ) if, for some C > 0,
Q˜(ξ) CP˜ (ξ), ξ ∈ RN .
In case Q is weaker than P and P is weaker than Q we say that P and Q are equally
strong.
Definition 2.4. A differential operator P = P(x,D) defined for x ∈ Ω is said to have
constant strength on Ω if, for any x0, y0 ∈ Ω the polynomials p(x0, ξ) and p(y0, ξ) are
equally strong, that is,
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for some constant C > 0 depending on x0, y0.
The following extension of theorem [10, 13.3.3] holds.
Theorem 2.5. Let P(x,D) be a differential operator with coefficients in E(ω)(Ω) and
having constant strength on Ω and let x0 ∈ Ω and P0(D) := P(x0,D). If X is a suffi-
ciently small open neighborhood of x0, then there exists a linear mapping E :E ′(ω)(RN) →
E ′(ω)(RN) with the following properties:
(1) P(x,D)Ef = f in X if f ∈ E ′(ω)(RN),
(2) EP(x,D)u = u in X if u ∈ E ′
(ω)
(X),
(3) ‖Ef ‖
p,P˜0k
 Ck‖f ‖p,k
if f ∈ E ′(ω)(RN) ∩Bp,k and k ∈Kω (Ck is independent of f ).
To get the next corollary it is essential that we can choose the same X for all k ∈Kω in
Theorem 2.5.
Corollary 2.6. Let P(x,D) and X be as in Theorem 2.5. For every f ∈ E(ω)(RN) there is
u ∈ E(ω)(RN) such that
P(x,D)u = f in X.
Proof. Let χ ∈ D(ω)(RN) be such that χ = 1 in a neighborhood of X. Then χf ∈
D(ω)(RN) ⊂ B1,k for every k ∈ Kω . We consider u := E(χf ) ∈ E ′(ω)(RN), E being the
continuous linear operator provided by Theorem 2.5. Then P(x,D)u = f in X. Moreover,
u ∈ B1,P˜0k for any k ∈ Kω (Theorem 2.5(3)). In particular, u ∈ B1,k for every k ∈ Kω ,
which implies that∫ ∣∣uˆ(t)∣∣eλω(t) dt < ∞
for every λ > 0. This means precisely that u ∈D(ω)(RN). 
Theorem 2.7. Let P(x,D) be a differential operator with coefficients in E(ω)(Ω) and
with constant strength on Ω. If P(x,D) is homogeneous (ω)-hypoelliptic then it is (σ )-
hypoelliptic for every σ  ω. In particular, P(x,D) is C∞-hypoelliptic.
Proof. We fix a weight σ  ω and we take f ∈ D′(σ )(Ω) ⊂ D′(ω)(Ω) such that h :=
P(x,D)f ∈ E(σ )(Ω). For any x0 ∈ Ω let X be an open neighborhood of x0 as in The-
orem 2.5 with σ in place of ω and we consider χ ∈ D(σ )(Ω) such that χ = 1 in X.
Then χh ∈ D(σ )(Ω) ⊂ E(σ )(RN) and we apply Corollary 2.6 to get u ∈ E(σ )(RN) ⊂
E(σ )(X) such that P(x,D)u = χh = P(x,D)f in X. Since P(x,D) is homogeneous
(ω)-hypoelliptic, u − f ∈ D′ (Ω) and P(x,D)(u − f ) = 0 in X, we conclude that(ω)
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that f ∈ E(σ )(Ω).
The same argument, after replacing Ω by an arbitrary open subset Ω ′ ⊂ Ω shows that
P(x,D) is (σ )-hypoelliptic. 
The following result seems to be new for the Gevrey classes E{t a}(Ω), 0 < a < 1. We
recall that σ = o(ω) implies E{ω}(Ω) ⊂ E(σ )(Ω) [4, 4.7].
Corollary 2.8. Let Ω ⊂ RN be an open set and P(x,D) a differential operator with co-
efficients in E{ω}(Ω) and with constant strength on Ω . Then P(x,D) es {ω}-hypoelliptic
if, and only if, it is homogeneous {ω}-hypoelliptic. Moreover, in this case, P(x,D) is {σ }-
hypoelliptic for every σ = o(ω).
Proof. We assume that P(x,D) is homogeneous {ω}-hypoelliptic. We first prove that
P(x,D) is homogeneous (σ )-hypoelliptic whenever σ = o(ω). In fact, let Ω ′ be an
open subset of Ω and let u ∈ D′(σ )(Ω ′) satisfy P(x,D)u = 0. Since u ∈ D′{ω}(Ω ′) then
u ∈ E{ω}(Ω ′) and, consequently, u ∈ E(σ )(Ω ′). The same argument shows that P(x,D) is
homogeneous {σ }-hypoelliptic.
We now prove that P(x,D) is {ω}-hypoelliptic. Let Ω ′ be as above and let u ∈D′{ω}(Ω ′)
satisfy P(x,D)u ∈ E{ω}(Ω ′). By [4, Theorem 7.6] there exists ω0 = o(ω) such that u ∈
D′(ω0)(Ω ′).
An application of [3, Proposition 3.5] gives
E{ω}(Ω ′) =
⋂{E(σ )(Ω ′): ω0  σ, σ = o(ω)}.
Since P(x,D) is (σ )-hypoelliptic (Theorem 2.7) and P(x,D)u ∈ E{ω}(Ω ′) ⊂ E(σ )(Ω ′)
for every ω0  σ = o(ω) we conclude that u ∈ E(σ )(Ω ′) for every ω0  σ , σ = o(ω).
Consequently u ∈ E{ω}(Ω ′). 
The next corollary applies in particular to the weights ω(t) := (log(1 + t))s , s > 1. The
result is a consequence of the well known fact that every hypoelliptic differential operator
(in the C∞ sense) with constant coefficients is also hypoelliptic in some Gevrey class.
Corollary 2.9. Let us assume ω(t) = o(ta) for every 0 < a < 1 and let P(x,D) be a dif-
ferential operator with coefficients in E(ω)(Ω) and with constant strength on Ω . If P(x,D)
is (ω)-hypoelliptic, then P(x0,D) is (ω)-hypoelliptic for every x0 ∈ Ω.
Proof. We know that P(x,D) is hypoelliptic by Theorem 2.7. We can apply [23]
to conclude that the operator P(x0,D) is hypoelliptic and, consequently, there exists
0 < a < 1 such that P(x0,D) is {ta}-hypoelliptic [9]. It follows that P(x0,D) is (ω)-
hypoelliptic. 
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The aim of this section is to give a sufficient condition for the (ω)-hypoellipticity of
operators of constant strength having coefficients in some class E(σ )(Ω). We will present
several conditions on the weights (ω,σ ) in order to conclude that any operator P(x,D) of
constant strength is (ω)-hypoelliptic provided that the operator with constant coefficients
P(x0,D) is (σ )-hypoelliptic.
Definition 3.1. Let Ω be an open set in RN , 0 δ < ρ  1, d := ρ − δ and let us assume
that ω(t) = o(td ) as t → ∞. A symbol in ASm,ωρ,δ (Ω) is a function p(x, ξ) in C∞(Ω ×RN)
such that for every compact Q ⊂ Ω there are R  1, B  1 and a sequence Cn > 0, n ∈ N,
with the property∣∣Dαx Dβξ p(x, ξ)∣∣ CnB |β|β!e(ρ−δ)nϕ∗(|α|/n)emω(ξ)(1 + |ξ |)|α|δ−|β|ρ (2)
for every n ∈ N, (x, y) ∈ Q, log(|ξ |/R) (n/|β|)ϕ∗(|β|/n).
Every such a symbol defines a continuous and linear operator P := P(x,D) :D(ω)(Ω)
→ E(ω)(Ω) given by
P(x,D)ϕ = 1
(2π)N
∫
p(x, ξ)eixξ ϕˆ(ξ) dξ
and which is called pseudodifferential operator of class (ω). As it was shown in [6], P ad-
mits a continuous and linear extension P :E ′(ω)(Ω) → D′(ω)(Ω) which is pseudo-local,
that is, it shrinks (ω)-singular supports in the sense that sing(ω) suppPu ⊂ sing(ω) suppu
for every u ∈ E ′(ω)(Ω).
In case P(x,D) is a differential operator of order m with coefficients in E(ω)(Ω) we
have that p(x, ξ) is a symbol in ASm,ω1,0 (Ω). Moreover, we have the following
Lemma 3.2. Let p(x, ξ) =∑|γ |m aγ (x)ξγ , 0 δ < ρ  1, d := ρ− δ, and let us assume
ω(t1/d ) = o(σ(t)) as t → ∞. If aγ ∈ E{σ }(Ω), then p(x, ξ) ∈ ASm,ωρ,δ (Ω).
Proof. Since aγ ∈ E{σ }(Ω) we get, for every compact set K ⊂ Ω, a natural number n ∈ N
and a positive constant Cn with the property∣∣Dαaγ (x)∣∣ Cneϕ∗σ (n|α|)/n
for every |γ |m, x ∈ K and α ∈ NN0 . Now, for every k ∈ N there is Dk > 0 such that
1
n
ϕ∗σ
(
n|α|)Dk + dkϕ∗ω
( |α|
k
)
for all α ∈ NN0 . Hence, for each k ∈ N there is Ek > 0 with∣∣Dαx Dβξ (aγ (x)ξγ )∣∣Ekedkϕ∗ω(|α|/k)
(
γ
β
)
β!(1 + |ξ |)m−|β|
whenever β  γ , |γ |m, x ∈ K , α ∈ NN and ξ ∈ RN .0
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∣∣Dαx Dβξ p(x, ξ)∣∣Ekβ!e(ρ−δ)kϕ∗ω(|α|/k)2m(1 + |ξ |)m−ρ|β|+δ|α| ·
( ∑
|γ |m
1
)
for x ∈ K , α,β ∈ NN0 and ξ ∈ RN. 
Lemma 3.3. Let ω be a sub-additive weight function . For a fixed λ > 0 we put
aj := e
λϕ∗(j/λ)
j ! .
Then, for all j, k ∈ N, aj · ak  aj+k.
Proof. Since eλϕ∗(j/λ) = sups1 sj e−λω(s) and ω(s + t) ω(s) + ω(t) we have
aj · ak  sup
s,t1
sj tk
j !k! e
−λω(s+t )  1
(j + k)! sups,t1
(s + t)j+ke−λω(s+t )  aj+k. 
In our next result we will construct a left parametrix for a differential operator under
some conditions. The proof heavily depends on the formal calculus for pseudodifferential
operators as it was developed in [6]. In particular, one needs to be able to construct a
true symbol from a formal sum and to evaluate the symbol of a composition. We refer to
[6, Section 3]. The argument follows the steps of [24] taking care of appropriate uniform
estimates for derivatives.
Theorem 3.4. Let Ω ⊂ RN be a bounded open set, 0 δ < ρ  1, ω a weight function and
σ a strong weight function such that ω(t1/(ρ−δ)) = o(σ(t)) as t → ∞. Let P = P(x,D)
be a partial differential operator whose symbol p(x, ξ) ∈ ASm,ωρ,δ (Ω) and satisfies
(i) There is A > 0 such that |p(x, ξ)| e−mω(ξ)/A for every |ξ | > A.
(ii) There are n ∈ N and C > 0 such that∣∣Dαx Dβξ p(x, ξ)∣∣ C|α|+|β|β!eϕ∗σ (|α|n)/n∣∣p(x, ξ)∣∣(1 + |ξ |)−ρ|β|+δ|α|
for every x ∈ Ω and |ξ | > A.
Then, there is a pseudodifferential operator Q = Q(x,D) with the property that the com-
position Q ◦P ,
E ′(ω)(Ω) → E ′(ω)(Ω) →D′(ω)(Ω),
can be decomposed as Q ◦ P = I + R, where I denotes de identity operator and R is a
continuous and linear operator R :E ′(ω)(Ω) → E(ω)(Ω).
Proof. Since σ is a strong weight, it is equivalent to a sub-additive weight [16]. Without
loss of generality we can assume that σ is sub-additive. We put q0(x, ξ) = 1/p(x, ξ) for
x ∈ Ω , |ξ | > A. One can proceed by induction as in [24] to show that there is C1 > 0,
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for every x ∈ Ω and |ξ | > A.
In fact, we take C1 > C such that
∑∞
k=1(NC/C1)k  1. The inequality (3) holds for
α = β = 0. Now, the identity p(x, ξ)q0(x, ξ) = 1 gives
p(x, ξ)Dαx D
β
ξ q0(x, ξ) = −
∑
µ+ν=α
γ+θ=β
(ν,θ)<(α,β)
α!β!
µ!ν!γ !θ !D
µ
x D
γ
ξ p(x, ξ)D
ν
xD
θ
ξ q0(x, ξ).
Hence, if we assume that the inequality holds for (ν, θ) < (α,β), then∣∣p(x, ξ)Dαx Dβξ q0(x, ξ)∣∣ ∑
µ+ν=α
γ+θ=β
(ν,θ)<(α,β)
α!β!
µ!ν!γ !θ !
∣∣Dµx Dγξ p(x, ξ)∣∣∣∣DνxDθξ q0(x, ξ)∣∣

∑
µ+ν=α
γ+θ=β
(ν,θ)<(α,β)
α!β!
µ!ν!C
|µ+γ |C|ν+θ |1
eϕ
∗
σ (n|µ|)/n+ϕ∗σ (n|ν|)/n
(1 + |ξ |)ρ|β|−δ|α|
∣∣p(x, ξ)∣∣∣∣q0(x, ξ)∣∣.
Since C C1 and α!/(µ!ν!) |α|!/(|µ|!|ν|!), we can apply Lemma 3.3 to obtain∣∣p(x, ξ)Dαx Dβξ q0(x, ξ)∣∣
 C|α+β|1 β!eϕ
∗
σ (n|α|)/n∣∣p(x, ξ)∣∣∣∣q0(x, ξ)∣∣(1 + |ξ |)−ρ|β|+δ|α| |α+β|∑
k=1
(
NC
C1
)k
.
Hence (3) is proved.
For every j ∈ N, we define by recurrence
qj (x, ξ) = −q0(x, ξ)
∑
0<|µ|j
1
µ!∂
µ
ξ qj−|µ|(x, ξ)D
µ
x p(x, ξ).
One more induction procedure permits to show that there are constants C2 and C3 such
that C1 < C2 < C3 and for each x ∈ Ω and |ξ | > A we have∣∣Dαx Dβξ qj (x, ξ)∣∣
AC|α+β|2 C
j
3 e
ϕ∗σ (n|α|+j)/n (|β| + j)!
j ! e
mω(ξ)
(
1 + |ξ |)−ρ|β|+δ|α|−(ρ−δ)j . (4)
We conclude that for each  ∈ N there is D > 0 such that, for every j, |DαxDβξ qj (x, ξ)|
is less than or equal to
DAe
mω(ξ)
(
1 + |ξ |)−ρ|β|+δ|α|−(ρ−δ)j (2C3)jC|α+β|2 e(ρ−δ)ϕ∗ω((|α|+j)/)(2N)|β|β!,
whenever x ∈ Ω and |ξ |A.
Consequently qj verifies the estimates in [6, Definition 3.1] for x ∈ Ω and |ξ |A (that
is, after modifying the functions for |ξ |  A we get that ∑qj is a formal sum [6, 3.1]).
According to definition [6, 3.15(b)] and theorems [6, 3.7 and 3.18] there exists a pseudodif-
ferential operator Q(x,D) with the required properties. 
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(ω)-hypoelliptic.
Proof. Let Q = Q(x,D) be the pseudodifferential operator given by Theorem 3.4. By
[6, 2.18] Q is pseudolocal, that is, it shrinks (ω)-singular supports. Hence, for u ∈ E ′(ω)(Ω)
we have, since Q ◦P = I + R and Ru ∈ E(ω)(Ω),
sing(ω) suppu = sing(ω) supp
(
Q(Pu)
)⊂ sing(ω) suppPu
which means that P(x,D) is (ω)-hypoelliptic. 
As an application we present an example of an operator which is (ω)-hypoelliptic and
does not have constant strength. It is inspired in [13] and [14, 4.3.6].
Example 3.6. Let q(ξ)  0 be a hypoelliptic polynomial, h,m,m′ ∈ N0, m > m′. We
define
p(x, ξ) = |x|2hq(ξ)m + q(ξ)m′ .
We will find ρ and δ such that 0  δ < ρ  1 and P(x,D) is (ω)-hypoelliptic for every
weight function ω(t) = o(ta), where a < d := ρ − δ < 1.
In order to apply Corollary 3.5 we first observe that σ(t) := tr , a/d < r < 1, defines a
strong weight such that ω(t1/d ) = o(σ(t)).
Moreover, since every power of q is hypoelliptic, there are constants C > 0, 0 < ρ  1
such that (see [10, Theorem 11.1.3, II(b)])∣∣∣∣∂β(qm(ξ))qm(ξ)
∣∣∣∣ C|ξ |−ρ|β| and
∣∣∣∣∂β(qm
′
(ξ))
qm
′
(ξ)
∣∣∣∣ C|ξ |−ρ|β|.
Since q(ξ)  0, then |p(x, ξ)|  |q(ξ)|m′  |ξ |ρλ/C for some λ > 0. In particular
|p(x, ξ)|  e−ω(ξ)/C for every weight ω, whenever |ξ | is large enough, which implies
condition (i) in Theorem 3.4. Now
∣∣∣∣∂
β
ξ p(x, ξ)
p(x, ξ)
∣∣∣∣ |x|2h|∂βqm(ξ)||x|2hqm(ξ) + |∂
βqm
′
(ξ)|
qm
′
(ξ)
 2C|ξ |−ρ|β|.
On the other hand,∣∣Dα(|x|2h)∣∣K|x|2h|x|−|α| = K(|x|2h)1−|α|/(2h)
for some constant K . We observe that Dα(|x|2h) = 0 implies 1−|α|/(2h) 0. For α ∈ NN0
and α = 0,∣∣∣∣D
α
x D
β
ξ p(x, ξ)
p(x, ξ)
∣∣∣∣min
{
Dαx (|x|2h)|∂βξ qm(ξ)|
|x|2hqm(ξ) ,
Dαx (|x|2h)|∂βξ qm(ξ)|
qm
′
(ξ)
}
. (5)
Let s be the degree of q and let us assume h > m − m′ such that for τ := 1/(2h) we
have δ := τ (m− m′)s < ρ. We distinguish two cases.
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if |ξ | 1 and A are large enough. Hence∣∣∣∣D
α
x D
β
ξ p(x, ξ)
p(x, ξ)
∣∣∣∣ |Dαx (|x|2h)||x|2h ·C|ξ |−ρ|β| K
(|x|2h)−τ |α||ξ |−ρ|β|
A|α||ξ |δ|α|−ρ|β|.
Case 2. If (|x|2h)−1  (q(ξ))m−m′ , then(|x|2h)1−τ |α|(q(ξ))m−m′  (q(ξ))(1−τ |α|)(m′−m)+m−m′ = (q(ξ))τ |α|(m−m′)
A|α||ξ |τ (m−m′)|α|s
for |ξ | 1. Consequently
|Dαx (|x|2h)||∂βξ qm(ξ)|
qm
′
(ξ)
K
(|x|2h)1−|α|/(2h)∣∣∣∣∂
β
ξ q
m(ξ)
qm(ξ)
∣∣∣∣ · qm−m′(ξ)
KA|α||ξ |τ (m−m′)s|α|−ρ|β| KA|α||ξ |δ|α|−ρ|β|.
From the inequality (5), we deduce that there is a constant B > 0 such that∣∣∣∣D
α
x D
β
ξ p(x, ξ)
p(x, ξ)
∣∣∣∣KB |α+β|(1 + |ξ |)δ|α|−ρ|β|
if |ξ |B . This implies∣∣Dαx Dβξ p(x, ξ)∣∣KB |α+β|(1 + |ξ |)δ|α|−ρ|β|∣∣p(x, ξ)∣∣
for every |ξ |  B. An application of Corollary 3.5 proves that the operator P(x,D) is
(ω)-hypoelliptic. Clearly, it does not have constant strength.
For applications we will need the following refinement of [10, Theorem 11.1.3, II(b)].
Lemma 3.7. Let ω be a strong weight and let P(D) = ∑|α|m aαDα be an (ω)-hypo-
elliptic operator with constant coefficients. Then there is 0 < a < 1 such that ω(t) = o(ta)
and P(D) is {ta}-hypoelliptic.
Proof. We let d(ξ) := inf{|ξ − z|: z ∈ CN, P (z) = 0}, ξ ∈ RN , and
M(R) := inf|ξ |=R d(ξ).
By [10, Theorem 11.1.3, Corollary A.2.6] there are A > 0, b ∈ Q such that
M(R) = ARb(1 + o(1)) if R → +∞. (6)
If b  1, then d(ξ) M(|ξ |)  B|ξ | for some constant B > 0 and |ξ | large enough,
hence P(D) is elliptic (see Hörmander [10, 11.4.12]). In particular, P(D) is {ta}-
hypoelliptic for every 0 < a < 1. Moreover, since ω is a strong weight, then ω(t) = o(td )
for some 0 < d < 1, which concludes the proof in this case.
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that is,
lim
R→+∞
M(R)
ω(R)
= +∞. (7)
From (6) and (7) we get
lim
t→+∞
ta
ω(t)
= +∞.
Moreover, applying (6) once again, we have
d(ξ)M
(|ξ |)A|ξ |a(1 + o(1)) B|ξ |a
for some constant B > 0, whenever |ξ | is large enough, which means that P(D) is {ta}-
hypoelliptic (Rodino [20, 2.4]). 
From now on, P(x,D) =∑|α|m aα(x)Dα is a partial differential operator with coef-
ficients in a certain non-quasianalytic ultradifferentiable class and having constant strength
on Ω , and x0 ∈ Ω. In the next theorem, the coefficients belong to a Roumieu class.
Theorem 3.8. Let σ,ω be weights such that σ is a strong weight and ω(t1/r ) = o(σ(t)) as
t → ∞ (0 < r  1). We assume that aα ∈ E{σ }(Ω) and P(x0,D) is {tr }-hypoelliptic. Then
P(x,D) is (ω)-hypoelliptic.
Proof. Let P0(ξ),P1(ξ), . . . ,Pk(ξ) be a basis of the finite-dimensional vector space of all
polynomials which are weaker than P0(ξ) := p(x0, ξ). Then
P(x,D) =
k∑
j=0
cj (x)Pj (D),
where cj (x) ∈ E{σ }(Ω), c0(x0) = 1 and cj (x0) = 0 for j = 0. As in [19, p. 150] (there is
a misprint in [19]: (1 + |ξ |)−rm has to be replaced by (1 + |ξ |)rm), for every compact set
K ⊂ Ω there are C > 0 and m ∈ N such that
(i) |p(x, ξ)| (1 + |ξ |)rm/C,
(ii) |Dβξ p(x, ξ)| C|p(x, ξ)|(1 + |ξ |)−r |β|
for every |ξ |  C and x ∈ K. Since cj (x) ∈ E{σ }(Ω) then there exist n ∈ N and C˜ > 0
satisfying
max
0jk
sup
x∈K
∣∣Dαcj (x)∣∣ C˜eϕ∗σ (n|α|)/n
and we get a constant C > 0 such that
∣∣Dαx Dβξ p(x, ξ)∣∣ Ceϕ∗σ (n|α|)/n
k∑∣∣DβPj (ξ)∣∣j=0
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for every |ξ | large enough.
We now apply [19, 3.3.17] to find C > 0,∣∣DβPj (ξ)∣∣ C∣∣P0(ξ)∣∣(1 + |ξ |)−r |β|
whenever |ξ | C. Hence, there are C > 0 and n ∈ N satisfying∣∣Dαx Dβξ p(x, ξ)∣∣ Ceϕ∗σ (n|α|)/n∣∣P0(ξ)∣∣(1 + |ξ |)−r |β|
if |ξ |C.
Now, [19, Lemma 3.3.14, Proposition 3.3.16] permits to conclude∣∣P0(ξ)∣∣ p˜(x0, ξ) C1p˜(x, ξ) C2∣∣p(x, ξ)∣∣
for some constants C1 and C2 which are uniformly bounded whenever x ∈ K. Hence there
are C > 0 and n ∈ N,∣∣Dαx Dβξ p(x, ξ)∣∣ C|α|+|β|eϕ∗σ (n|α|)/n∣∣p(x, ξ)∣∣(1 + |ξ |)−r |β|
if x ∈ K , |ξ | C and (α,β) = (0,0).
Since, for some m ∈ N, p(x, ξ) is a symbol in Sm,ωr,0 (Ω) we can apply Corollary 3.5 to
conclude. 
Corollary 3.9. Let σ be a strong weight and
r := lim sup
t→+∞
log(σ (t))
log t
> 0, (8)
and we assume ω(t1/r ) = o(σ(t)) as t → ∞. If aα ∈ E{σ }(Ω) and P(x0,D) is (σ )-
hypoelliptic, then P(x,D) is (ω)-hypoelliptic. In particular, if aα ∈ E{t a}(Ω), 0 < a  1,
and P(x0,D) is {ta}-hypoelliptic then P(x,D) is (ω)-hypoelliptic provided that ω(t) =
o(ta
2
).
Proof. By Lemma 3.7 there is 0 < a < 1 such that σ(t) = o(ta) and P(x0,D) is {ta}-
hypoelliptic. The condition σ(t) = o(ta) implies r  a. Hence P(x0,D) is {tr }-hypo-
elliptic. An application of Theorem 3.8 permits to conclude. 
The next result should be compared with [12, Theorem 3.3, Example 1] and [22, Theo-
rem 3].
Corollary 3.10. Let ω(t) = o(td), 0 < d  1, aα ∈ E{t d ′ }(Ω) and let P(x0,D) be {tr }-
hypoelliptic. If r  d ′ and d ′  d/r then P(x,D) is (ω)-hypoelliptic.
Proof. We put σ(t) = td ′ . Then aα ∈ E{σ }(Ω) and the condition d ′  d/r implies
ω(t1/r ) = o(σ(t)). We can apply once again Theorem 3.8 to conclude. 
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hypoelliptic, then P(x,D) is (ω)-hypoelliptic.
Proof. There is 0 < a < 1 such that P(x0,D) is {ta}-hypoelliptic and ω(t) = o(ta) as
t → ∞ (Lemma 3.7). Moreover, aα ∈ E{t d ′ }(Ω) with d ′ = 1 and, considering d = r = a,
we have r  d ′ and 1 = d ′  d/r = a/a. We apply Corollary 3.10 to conclude. 
Corollary 3.12. Let σ be a strong weight and aα ∈ E{σ }(Ω). If P(x0,D) is elliptic and
ω = o(σ) then P(x,D) is (ω)-hypoelliptic.
Corollary 3.13. Let aα ∈ E{t a}(Ω), 0 < a < 1 and let P(x0,D) be an (ω)-hypoelliptic
operator. If ω(t) = o(td ) for all 0 < d < 1, then P(x,D) is (ω)-hypoelliptic.
Proof. There is d > 0 such that P(x0,D) is {td}-hypoelliptic. Without loss of generality
we can assume that d < a. Since aα ∈ E{t d }(Ω) and ω(t) = o(td2), we can apply Corol-
lary 3.9 to conclude. 
We now discuss a case which is not covered by Corollary 3.9.
Corollary 3.14. Let us assume σ(t) = ( log(1 + t))s , s > 1. If aα ∈ E{σ }(Ω) and P(x0,D)
is (σ )-hypoelliptic, then P(x,D) is (ω)-hypoelliptic whenever ω = o(σ).
Proof. In fact, there is 0 < r < 1 such that P(x0,D) is {tr }-hypoelliptic. Moreover,
ω(t1/r )
σ (t)
= ω(t
1/r )
σ (t1/r )
· σ(t
1/r )
σ (t)
→ 0,
as t → +∞. That is, ω(t1/r ) = o(σ(t)). To conclude we only have to apply Theorem 3.8.
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